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On the Robustness of Least-Squares Monte Carlo (LSM)

for Pricing American Derivatives

Abstract

This paper analyses the robustness of Least-Squares Monte Carlo, a technique
proposed by Longstaff and Schwartz (2001) for pricing American options. This
method is based on least-squares regressions in which the explanatory variables
are certain polynomial functions. We analyze the impact of different basis func-
tions on option prices. Numerical results for American put options show that
this approach is quite robust to the choice of basis functions. For more complex

derivatives, this choice can slightly affect option prices.
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Closed-form expressions for derivative prices exist in few cases. One example is
an European stock option, whose price was derived by Black and Scholes (1973)
and Merton (1973). For American options, some analytical expressions have also
been found, but, in general, numerical methods are required.

One of the most popular numerical techniques in option pricing is Monte
Carlo simulation. The Monte Carlo approach simulates paths for asset prices.
An estimation of the option price is obtained by discounting the average of the
option pay-offs computed for each path. This technique is appropriate to price
European options with complex features (path-dependence, multiple stochastic
processes, random volatility, jumps, ...).

This technique has not been widely applied to price American options. Car-
riere (1996) presents a backward induction algorithm and applies it to calculate
the early exercise premium. He shows that the estimation of the decision rule
to exercise early is equivalent to the estimation of a series of conditional ex-
pectations. The conditional expectations are estimated using splines and local
regressions.

Tsitsiklis and Van Roy (1999) study perpetual American options and propose
an stochastic algorithm that approximates the conditional expectations by a lin-
ear combination of basis functions. They also analyze the convergence properties
of this algorithm. In general, there is no closed-form expression for the condi-
tional expectation function, and they select a set of basis functions such that
their weighted combination is “close” to the true function. The usefulness of this
algorithm is illustrated by pricing a Bermuda option whose payoff is the gross
return provided by a certain stock on the last hundred days.

Tsitsiklis and Van Roy (2001) analyze finite-horizon pricing problems. They
present an algorithm for pricing complex American options that involves the
evaluation of value functions at a finite set of “representative” elements of the
state space. A linear combination of basis functions is fitted to the data via least-

squares regressions, in order to approximate the conditional expectation over the



entire state space. These authors provide convergence results and error bounds
for their algorithm.

Longstaff and Schwartz (2001) also apply least-squares regressions and esti-
mate the continuation values of a number of derivatives. They use only in-the-
money path in the regressions to increase efficiency. They name this technique
Least-Squares Monte Carlo (LSM).

The LSM method involves two approximations:

1. Replace the conditional expectation in the pricing algorithm by its orthog-

onal projection on the space generated by a finite set of functions.

2. Use Monte-Carlo simulations and least-squares regressions to estimate nu-

merically the conditional expectation function.

An interesting question is to analyze the convergence properties of the LSM
technique. Longstaff and Schwartz (2001) state some partial convergence results.
Clément, Lamberton, and Protter (2001) analyze it in more detail. They prove
that the estimated conditional expectation approaches (with probability one) the
true conditional expectation as the number of basis functions goes to infinity.
They also determine convergence rates and prove that the normalized estimation
error is asymptotically Gaussian.

In this paper, we take a different approach and analyze the robustness of the
LSM approach for pricing American options numerically. For a standard put
option, we find that LSM technique is very robust to the choice of the type and
the number of basis functions. Although we find that for more than 20 polynomial
terms, put prices can change significantly due to optimization problems of the
least-squares routines. For more complex derivatives, however, we find that the
number and the type of basis functions can slightly affect option prices.

This article is organized as follows. Section 1 reviews numerical methods
for pricing American-style options. In Section 2, we briefly present the LSM

technique. Section 3 describes the set of basis functions used in this paper and



studies the pricing of some American derivatives. In Section 4, we analyze the

out-of-sample performance of LSM. Finally, Section 5 concludes the paper.

1 A Review of American Option Pricing

As mentioned before, analytical expressions for American option prices have been
found in some cases. For example, pricing formulas for perpetual American op-
tions are provided by McKean (1965). Roll (1977), Geske (1979), and Whaley
(1981) have derived closed-form solutions for the price of American call options
with discrete dividends.

Several authors® obtain closed-form solutions for approximations to the origi-
nal pricing problem. Ait-Sahlia and Carr (1997) and Ju (1998) compare some of
these approximations.

To price complex options, in general, numerical techniques are required. Lat-
tice methods are based on the discretization of the risk-neutral processes followed
by the relevant variables. Then, backward induction in time is used to find the
option price. The most basic method is the binomial model, introduced by Cox,
Ross, and Rubinstein (1979) and Rendleman and Bartter (1979), that is based
on the random walk approximation to the Brownian motion. In some cases, tri-
nomial trees, originally proposed by Parkinson (1977), are used to increase the
accuracy.

An alternative technique is the “finite difference” method. After building a
grid of mesh points, an approximate solution of the partial differential equation
for the option price is obtained by replacing the partial derivatives with finite
differences. Depending on how these differences are computed, the fully explicit,
fully implicit or Crank-Nicolson method, is obtained.?

American options can also be priced without approximating the stochastic
process for the underlying asset or the partial differential equation for the option

price. This is the case of quadrature techniques, which are based on approximat-



ing the integral that gives the option price. Examples of this technique are the
trapezoidal and Simpson’s rules.

Some authors use the “integral representation” method, which consists of
decomposing the price of an American put option into the price of an European
put option plus the early exercise premium, that is expressed as an integral (see
Kim (1990), Jacka (1991), and Carr, Jarrow, and Mynemi (1992)). Different
approximations of this integral have been proposed. Ju (1998) shows numerically
that his approximation together with the method in Broadie and Detemple (1996)
and the randomization technique of Carr (1998) are the most accurate methods
for pricing American options.

More recently, Bunch and Johnson (2000) have derived exact expressions for
the critical stock price function and the American put price in the perpetual and
finite cases. Ait-Sahlia (1996) and Ait-Sahlia and Lai (1996, 2000) also have
obtained closed-form expressions for the optimal exercise boundary.

Monte Carlo simulation, introduced in option pricing by Boyle (1977), pro-
vides an intuitive way of valuing options. For a survey on aplications of this tech-
nique to option pricing see Boyle, Broadie, and Glasserman (1997). This method
is suitable for path-dependent European options with multiple state variables,
stochastic volatility, jumps,.... Its major disadvantage is that it is computa-
tionally intensive and inefficient. To mitigate this problem, variance reduction
techniques, such as antithetic variables and control variates, have been developed.
Applications to the valuation of American options are based on the parameter-
ization of the transitional density function or the early exercise boundary, and
can be found in Bossaerts (1989), Barraquand and Martineau (1995), Broadie
and Glasserman (1997a), Broadie, Glasserman, and Jain (1997), and Raymar
and Zwecher (1997), among others.



2 Least-Squares Monte Carlo

Longstaff and Schwartz (2001) also use simulation to value American options,
estimating directly the conditional expectation function. This expectation rep-
resents the continuation value of the option at each exercise date. These authors
estimate the continuation value by a least-squares regression jointly with the
cross-sectional information provided by Monte Carlo simulation. In this regres-
sion, they use a set of basis functions in the underlying asset prices. The fitted
values are taken as the expected continuation values. Comparing these esti-
mations with the immediate exercise values, they identify the optimal exercise
decision. This procedure is repeated recursively going back in time. Discounting
the obtained cash-flows to time zero, the price of the American option is found.

More formally, they assume a finite time horizon, [0, T], in which they define
a probability space,® (2, F, P), and an equivalent martingale measure, Q. Let
Clw,s;t,T), w e, s e (tT] denote the path of option cash-flows, conditional
on (a) the option being exercised after ¢ and (b) the optionholder following the
optimal stopping strategy at every time after t.

The American option is approximated by its Bermuda counterpart, assuming
a finite number of exercise dates 0 < t; < ty < ... < txg = T. The continuation
value is, under no-arbitrage conditions, the risk-neutral expectation of the future

discounted cash flows C(w, s;t;,T):

K t;
F(w;t;) = Eg LZ exp (—/ r(w,s) ds) Clw,tj;t:,T) | Fti] ,
j=i+1 ti

where r(.) is the risk-free interest rate and Fj, is the information set at time ¢;.

The idea underlying the LSM algorithm is that this conditional expectation
can be approximated by a least-squares regression for each exercise date. At time
li_1, it is assumed that F(w;tx_1) can be expressed as a linear combination

of orthonormal basis functions (p;(X)) such as Laguerre, Hermite, Legendre or



Jacobi polynomials. That is
Flwitg—1) = Z a;pj(X), aj € R
5=0

which is approximated by

M
Fu(witg 1) = Z a;p;(X), a; € R.

J=0

This procedure is repeated backwards until the first exercise date.

3 Numerical Results on the Robustness of LSM

We now analyze the effect on option prices of a change in the type or the number
of basis functions. A common choice of basis functions is a set of polynomials.

We consider the following ones (with up to twenty terms):*

Name fo(z) | Name fn(x)
) | Chebyshev 1st kind A T),(x)

Legendre  P,(z) | Chebyshev 1st kind B C),(x)
L,(z) | Chebyshev 1st kind C T (z)

) ()

()

Power W, (z

Laguerre
Hermite A H,(z) | Chebyshev 2nd kind A U, (x
Hermite B H,, (z) | Chebyshev 2nd kind B S, (z

where n > 0 denotes the degree of the polynomial.

These polynomials can be expressed in three alternative ways:
1. Explicit expression .
Jal@) =du D cng(@),
m=0
where N takes different values for different polynomials (see Table 1).

2. Rodrigues’ formula

1 a"
a, g(z) Ozm e

falz) =



3. Recurrence law
Ap+1 fn—i—l(x) = (an + bn -T) fn(x) — Qp—1 fn—l(x)

The coefficients and functions included in these expressions are shown in Ta-

bles 1, 2, and 3, respectively.
[ Insert Tables 1, 2, and 3 about here |

For illustration purporses, in Figure 1 we plot some polynomials for different

degrees. The remaining ones can be found in Abramowitz and Stegun (1972).
[ Insert Figure 1 about here |

From a theoretical point of view, it would be desirable to use an orthonormal

basis of functions on which to project continuation values. This means that

[ @ gy ae={ " "7

1 n=m

The values for the limits of this integral vary with the polynomials. See Abramowitz
and Stegun (1972) for details. In most cases, the range of underlying prices (X)
is different from the interval [a,b] so that the basis functions will not be or-
thonormal. Consequently, we should increase the number of terms used in the
regressions.

A linear regression can be interpreted as the projection of the dependent
variable on the span generated by the independent ones. Consequently, to study
the robustness of LSM with respect to the above polynomials, we must ensure

that they do not generate the same span.



Abramowitz and Stegun (1972) provide the following relationships between

some of these polynomials:

H, (z) = 27"H, (%)

Th(z) = %[Un(a:)—Un_z(ar)]

Colz) = 27T, (g)

T

Su() = Ua(3)

Additionally, in Table 1 it is easily seen that T (x) = 21" T,,(x).

Thus, we only need to study the effect of using W, (x), P,(z), L,(x), He, (x),
or T,,(x) on option prices.

Furthermore, as can be seen in Tables 22.3-22.10 of Abramowitz and Stegun
(1972), the coefficients of each of these polynomials with respect to power func-
tions form a non-singular matrix. This implies that the span generated by each
of them is the same as the one generated by the power functions. As a conse-
cuence, the LSM technique should provide identical option prices for different

polynomials.

3.1 Valuation of the Standard Put Option

We now price an American put option with strike 40 on a non-dividend stock
that trades currently at 40. The risk-free interest rate is 0.06, and the volatility
of the stock return is 0.2. We approximate this option assuming that there are
70 exercise dates during the life of the option.

The value of this option using the binomial method of Cox, Ross, and Ru-
binstein (1979) (with 1,000 steps) is 2.31928. The value of the corresponding
European option, using simulation, binomial trees, and the Black and Scholes
(1973) formula, are 2.06193, 2.06560, and 2.06640, respectively.

To avoid numerical problems, we standardize the option dividing by the strike

price and we use double-precision variables. We also employ SVDFIT, a Numeri-
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cal Recipes routine that performs linear least-squares fits using the singular value
decomposition technique. This routine avoids solving the normal equations of lin-
ear least-squares problems, that in many cases involve nearly singular matrices.

We show the results of the LSM algorithm with up to 20 polynomial terms in
Table 4. For completness, we also report the option prices obtained for different
polynomials.

We use 100,000 simulations, half of them with antithetic variables. Notice
that this implies that we have to store (100,000 x 2) matrices.

[ Insert Table 4 about here |

As expected, for a fixed number of terms, we obtain similar option prices for
different basis functions, and the differences are due to numerical errors.

For a given polynomial, we see that option values do not increase monoton-
ically with the number of terms. For up to five terms, option prices typically
increase. With more terms, option values can decrease and increase later. This
result illustrates the difficulties of implementing the convergence criterion sug-
gested by Longstaff and Schwartz (2001).° For example, if we use T),(z) as basis
functions, their rule suggests that five terms are enough to value the option. In
this case, the option price would be 2.30689. However, option values increase
again taking 7, 8, or 10 terms (for 8 terms, the option price is 2.30854).

The standard errors for the simulated values are remarkably low, ranging
between 0.631 and 0.911 cents, and are very similar to those obtained by Longstaff
and Schwartz (2001).

Notice that the computed option prices are lower than those obtained with
the binomial tree. This is not surprising since we are considering only 70 exercise
dates. A more reasonable benchmark is the binomial price of the Bermuda option,
2.31153. We use a binomial tree with 1050 steps in which the option can be
exercised every 15 steps. Interestingly, LSM seems to slightly underprice the

option.



For the sake of brevity, we have presented the results for just one set of
parameter values. Similar tables for different cases are available upon request.
The results do not change qualitatively.

When the number of terms is large (20 or more), numerical problems can
appear for some polynomials, especially for out-of-the money put options (£ =
30) with high volatility (¢ = 0.5), as shown in Figure 2. This is not due to the
LSM algorithm but to the least-squares routine. We see that, for the Hermite A
polynomial, the sum of square errors increase with the number of terms, worsening

the fit of the regressions.

[ Insert Figure 2 about here |

3.2 Option on the maximum of five assets

We now analyze a Bermuda call option on the maximum of five uncorrelated
assets. The volatility of asset returns is 0.2, the risk-free interest rate is 0.05,
the dividend yield is 0.1, the maturity of the option is three years, and there are
three exercise times per year. The strike price is 100 and the initial assets prices
are 100 for the five assets.

This option has been priced by Broadie and Glasserman (1997b), using the
stochastic mesh method. They find that the 90% confidence interval for the price
of this option is [26.101, 26.211].

Longstaff and Schwartz (2001) value this option using the LSM approach
with 19 basis functions: a constant, five Hermite B (H,, (x)) polynomials in the
maximum of the five assets, the second to the fifth maximums and their square
values, the four products of consecutive pairs of maximums, and the product of
the five assets. Using 50,000 paths, their option value is 26.182, which is within
the interval given by Broadie and Glasserman (1997b).

We use different basis functions to price this option. In Table 5, we report

option prices obtained when the Hermite B polynomial is replaced by the Cheby-
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shev polynomial of the first kind, class A (7),(x)), with up to ten terms (i.e.
between 14 and 24 basis functions). As mentioned before, the results for the
two polynomials should be very similar, since they generate the same span. We

simulate 50,000 + 50,000 antithetic paths.
[ Insert Table 5 about here |

Using very few terms (0, 1, or 2), we obtain values which are outside the
interval given by Broadie and Glasserman (1997b). We see that option prices
increase with up to four or five terms. With more terms, these values can decrease
and increase again.

Interestingly, with more than 7 terms for 7),(x), the option price decreases
significantly, reaching a value of 23.89298 for 10 terms. Figure 3 shows that this
is due to numerical problems of the least-squares optimization. We see that, for
the polynomial T, (), the least-squares fit deteriorates when using more than five

terms.
[ Insert Figure 3 about here |

In all the cases, the standard errors of the price estimates are very small
(around 6 cents). Notice that while standard errors are about ten times those
obtained for put options, option prices are also about ten times higher.

A final remark is that using five Hermite B polynomials, the option price is
26.187, which is very close to the price given by Longstaff and Schwartz (2001).
The value of the corresponding European option is 23.098, so that the early
exercise premium is higher than 3.

Now, we set the polynomials equal to H,, (x), and we change the remaining

basis functions. The results are shown in Table 6.

[ Insert Table 6 about here |

11



The second column presents the prices obtained without including the squares
of the second to the fifth maximums. Dropping out those values has little im-
pact on option prices and standard errors. As before, the option value increases
monotonically only with up to five terms. In the third column, we also leave out
the products of consecutive maximums. In this case, option prices are outside the
range given by Broadie and Glasserman (1997b) except when we use five terms.
In the following column, we work with the polynomials H,. (), the second to
the fifth maximums, and their squares. Now, all the option prices are outside
the interval. Finally, the fifth column shows the prices obtained with the same
basis functions as in Table 5 plus the third power of the second to the fifth max-
imums. Compared to the second column of Table 5, we find that option prices
and standard errors are similar in both cases.

In all instances, fixed the number of terms, the differences in option prices do

not exceed 0.3%.

3.3 American-Bermuda-Asian option

Following Longstaff and Schwartz (2001), we now price a call option on the aver-
age of the stock price during a given time horizon. This option can be exercised
at any time after some initial period. It matures in two years and it cannot
be exercised during the first quarter. The average stock price is the continuous
arithmetic mean from three months before the valuation date to time ¢, where
0.25 < t < 2. The risk-free interest rate is 0.06 and the volatility of the stock
return is 0.2.

Table 7 presents the in-sample results for 50,000 simulations (25,000 plus
25,000 antithetic) and 100 time steps per year. The third column replicates
part of Table 3 in Longstaff and Schwartz (2001). To price the option, we use
eight basis functions: a constant, the first two Laguerre polynomials in the stock

price, the first two Laguerre polynomials in the average stock price, and the cross
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products of these polynomials up to third degree.
[ Insert Table 7 about here |

We obtain values slightly below those reported by Longstaff and Schwartz
(2001). For example, when the initial average value of the stock, A, is 100 and
the underlying stock price, S, is 120, our option price is 23.60899 versus 23.775.
However, standard errors are almost identical to those of Longstaff and Schwartz
(2001).

To study the numerical stability of these prices, in the fourth column we
replace Laguerre polynomials (L, (x)) with Hermite B polynomials (H,, (x)) of
degree five and their cross products up to third degree.

We find that changing the type and the degree of the polynomials affects
slightly option prices. Now we undervalue the option relative to the previous
column,® but the price difference never exceeds 1%.

In Table 8, we analyze the sensitivity of the option price with respect to the
degree of the Hermite B polynomial.” We choose an option (A = 110,.S = 120)
and we use up to ten terms in both the underlying stock price and its average.

Now, the cross products are not considered.
[ Insert Table 8 about here |

We see that the value of the option increases with the number of terms up
to degree six. With a higher number of terms, the option value decreases and
increases again. In any case, the price differences are always smaller than 0.2%.

Finally, we analyze the impact of cross products on the option price in Table
9. We value the previous option with Hermite B polynomials of degrees two and

three.

[ Insert Table 9 about here |
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In Case I, we do not use cross products. Therefore, these values are taken
from Table 8. In Case II, we use the same cross products as in Longstaff and
Schwartz (2001). Apparently, adding cross products does not influence option
prices. However, as we can see in Case III, using more cross products slightly

affects the option value.®

4 Out-of-sample Performance of LSM

Following Longstaff and Schwartz (2001), we now perform a diagnostic test to
assess the forecasting ability of the LSM algorithm. We simulate two sets of Monte
Carlo paths and apply the LSM method to the first one (in-sample), determining
the optimal stopping rule. This rule is then applied to the second set of paths
(out-of-sample).

Out-of-sample prices for the standard American put option are included in
Table 10. We see they are very close to those obtained in-sample (the differences

are smaller than one cent). Standard errors are also very similar, ranging from

0.630 to 0.906 cents.
[ Insert Table 10 about here |

Table 11 shows the results of applying the LSM algorithm to out-of-sample

paths for a Bermuda call option on the maximum of five uncorrelated assets.
[ Insert Table 11 about here ]

We see that, again, in-sample and out-of-sample prices and standard errors
are very similar. Notice, however, that when using 10 terms of the polynomial
T, (x), the in-sample option value is significantly different from the out-sample one
(23.86298 versus 24.77399, respectively). This is due to the numerical problems

mentioned before.
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In Table 12, we present out-of-sample prices for the American-Bermuda-Asian
call option. We see that out-of-sample prices are very close to in-sample ones (the

largest difference, in absolute value, is 0.4 %).

[ Insert Table 12 about here ]

5 Conclusions

Monte Carlo simulation is widely used for pricing European options. However,
its application for valuing American derivatives is not straightforward.

Recently, Longstaff and Schwartz (2001) have developed the Least-Squares
Monte Carlo (LSM) technique, that uses simple regressions to price American
options. At each exercise date, they estimate the continuation value of the op-
tion regressing the expected cash-flows on basis functions of the underlying asset
price. The forecasting performance of this technique can be assessed applying
the stopping rule (obtained with a certain set of simulated paths) to a different
set of paths.

This paper analyzes the robustness of the LSM approach relative to the type
and number of basis functions. We apply this algorithm to price an American put
option, a Bermuda call option on the maximum of five assets, and an American-
Bermuda-Asian option. We have computed in- and out-of sample option prices
as well standard errors for different types and numbers of basis functions.

The overall conclusion is that this technique is very robust when pricing the
American put option. In this case, the choice of basis functions is clear, since it
reduces to select the degree of a polynomial on the stock price. We find that, for
a given degree, using different polynomials produces very similar results, which
is not surprising since we can express any polynomial as a linear combination of
others. Moreover, in- and out-of sample option prices are very similar and stan-

dard errors are low in both cases. For a reasonable polynomial degree (between
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3 and 20), we obtain very similar option prices. Using more terms, however, can
conduce to numerical problems in the least-squares regressions.

For complex options, the choice of basis functions is not clear, since we have
to combine polynomials with other functions to represent the information set at
each exercise date. For these options, we find that the robustness does not seem
to be guaranteed and the type and number of basis functions can slightly affect

option prices.
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Footnotes

1. See Johnson (1983), Geske and Johnson (1984), Barone-Adesi and Wha-
ley (1987), Bunch and Johnson (1992), Broadie and Detemple (1996), Ho,
Stapleton, and Subrahmanyam (1997), and Ju and Zhong (1999), among

others.

2. The first two methods were introduced by Schwartz (1977) and Brennan
and Schwartz (1977, 1978) while the Crank-Nicolson method was first used

in option pricing by Courtadon (1982).

3. This is a triple consisting of €, the set of all possible sample paths (w), F,
the sigma-algebra of events at time 7', and P, a probability measure defined

on the elements of I

4. See Demidowitsch, Maron, and Schuwalowa (1980) for details on 7)*(x) and

Abramowitz and Stegun (1972) for the remaining ones.

5. This criterion indicates that, to price accurately the option, we should in-
crease the number of basis functions until the option price no longer in-

creases.

6. For example, when A = 100 and S = 120, the option price is 23.48875
versus 23.60899.

7. We do not report the result for degree one because of numerical difficulties

when pricing the option.

8. To compute these cross products, we use all the possible pairs of the basis
functions employed in the second row. Thus, there are 11 and 22 functions

for degrees two and three, respectively.
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Table 1: Explicit expressions of the basis functions.

fn(x) N dy, Cm gm ()

Wa(z) 0 1 1 "

n 2n —2m
P.(x) [n/2] 27 (=1)™ g m

m n
L,(x) n 1 (_;L),m " ™

' n—m
Hy(z) [n/2]  nl (=D)™ ormsamy (2z)n2m
Hen (I) [n/2] n' (—].)m m xn_Qm
Tu@)  [n/2] /2 (—1ym Lol (2)m2m
Cule) [/2] n (—1ym foomon anm
Ti(@) [n/2) 27 (—1ym foomot (2)m=2m
Ue) [0/ 1 (—1ym et (20)"-2m
So(z) [n/2] 1 ()" 2

The basis functions are particular cases of the following expression

fn(x) =d, Z Cmgm<x)a

where n > 0 denotes the degree of the polynomial.
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Table 2: Expressions of the basis functions using Rodrigues’ formula.

fula) o o(2) o(2)
W, () nj xn 1
P,(x) (=1)" 2" n! 1 1—a?
L,(x) n! e T
H,(x) (—=1)" e’ 1
H., (x) (—=1)" e v/ 1
T)  (-1r2e o) (1 — 22)-12 | — g2
Ca) (- TCHL ) e
T*(z) (—1)" 2201 F(’:/J;%) (1— 22)"1/2 1 — 22
Uy L EId) (1— a2y i
Su@ L rbed) (1-=)" 12

The basis functions are especial cases of Rodrigues’ formula which is given by

1 o"

Jalw) = a, g(x) oz"

[p(x) (g())"],

where n > 0 denotes the degree of the polynomial.
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Table 3: Recurrence law for the basis functions.

fu() QAn4-1 Qn by, an-1  Jo(z) fi(z)
Wa(z) 1 0 1 0 1 oz
P,(z) n+1 0 2n+1 n 1 x
L.(x) n+1 2n+1 -1 n 1 l1—2x
H,(z) 1 0 2 2n 1 2z
H., (z) 1 0 1 n 1 x
T, (z) 1 0 2 1 1 x
Co(z) 1 0 1 12z
T (x) 1 0 1 1/4 1 T
Udz) 1 0 2 11 %
Su(z) 1 0 1 11 2

The general expression for the recurrence law is given by

An+1 fn+1(x) - (an + bn l’) fn(x) — Up-1 fn—l(x)a

where n > 0 denotes the degree of the polynomial.
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Table 5: Bermuda call option on the maximum of five assets.

Number of terms H., (z) (s.e.) T.(z) (s.e.)
0 25.73070 (.06383) 25.73070 (.06383)
1 25.87009 (.06582) 25.87009 (.06582)
2 26.10928 (.06249) 26.11103 (.06252)
3 26.17398 (.06187) 26.17694 (.06196)
4 26.19432 (.06171) 26.19424 (.06187)
5 26.19673 (.06180) 26.18403 (.06214)
6 26.19645 (.06214) 26.18781 (.06225)
7 26.19626 (.06213) 26.11228 (.06261)
8 26.19068 (.06227) 25.99370 (.06246)
9 26.17984 (.06225) 25.87901 (.06106)
10 26.17448 (.06256) 23.89298 (.05349)

The characteristics of the option are: o = 0.2 (for the five assets), r = 0.05,
the dividend yield is 0.1, T" = 3 years, E = 100, there are three exercise times
per year, and the initial assets prices are 100 for the five assets. We use 100,000
(50,000 plus 50,000 antithetic) simulations and the following basis functions: a
constant, the second to the fifth maximums and their squares, the four products
of consecutive pairs of maximums, the product of the five assets, and zero to ten
terms of the polynomials indicated in the first row. n > 0 denotes the degree of
the polynomial. We report the standard errors (s.e.) of the simulated values in

parentheses.

28



"sesat[juared UT sen[eA peje[nuIs o) Jo (*o's) SIOL® pIepuer)s o) 110del sp| “SuLId) Ue) 03 dn jm
(z)“°g srerwoudjod oY) oSN OS[e oM ‘Sosed oY} [[B U] 'SJosse oAl oY) Jo 1onpoid o1} pue ‘SWNWIXeU JO sired 9AIINIOSTOD
jo syonpoid oY) ‘stemod pary) IYY ‘serenbs I) ‘SWNUWIXeW [ ) 0 PUOIAS 9} ‘JURISUOD ® S9SN A 9Se)) ‘A[eurq
"sorenbs I0Y) pue SWNWIXRU [ 91} 0} PUOISS 9} SISPISUOD [[] 9S€)) "SWNUWIXRUL SAIINIISUO0D JO sjonpoid o) Jnoyrm
[ 9SB)) SI [T 9se)) "S10sse oAl oY} JO jonpoid oy} pue ‘SWNWIXRW JO sired 9ATINOOSUOD JO s3onpord Inoj oY) ‘swnurxeur iy
o1} 0 PUO0AS AY] ‘JURISUOD B SUOIOUN] SISB( SUIMO[[O] 9} oSNl oM [ ase)) U] ‘suorpenuis (d13eyjue 000‘0s snid 000°0S)
000°00T oSN AN 'S19SS® OAYf 9} 10J ()T oIe sooLId sjasse (eIl oY) pur ‘IeaA Iod sowir) 9SIDISXS 991} 81 91} ‘(0] =

‘sTeok ¢ = [ ‘T°0 ST P[RIA PUSpPIAID 8y} ‘GO'() = 4 ‘(S19sse oAY oY) 10]) g'() = © :oIe uordo oY) JO SOIISLIAIRIRYD AT,

(66290°) 85081°9¢  (69€90°) €8€L0°9¢  (9T790°) 6,580°9¢  (€0€90°) ¥GLIT 9T 01
(62290°) TI8LT'9¢ (2L£90°) ©LGL0°9%  (LTF907) 16180°9% (SS290°) TT6¥1°9G 6
(€2290°) cek81°9¢  (1L£90°) €52L0°9%  (0TF907) 1€060°9%  (0S290°) CSSHT 9T 8
(21290°) 26861°9¢ (06€90°) 188L0°9¢ (66€90°) 88260°9¢ (1€290°) L1SCT 9T )
(01290°) 2€681°9¢  (67€90°) C16L0°9¢  (26€90°) 95680°9¢  (16290°) TLE6VT 9T 9
(L8190°) 79002°9¢  (86290°) 16980°9¢ (6€90°) 2STOT'9¢  (S6190°) TFEIT 9T G
(6L190°) 86L6T°9¢ (€£1€90°) 2€060°9¢ (17€90°) ¢8€80°9¢  (S8190°) 98091 9% i
(86190°) 69¥81°9¢  (F1€90°) 02690°9¢ (€2€90°) L8090°9¢  (€6190°) 0TFST 9T 3
(06290°) GTG0T'9¢  (TPe90°) €6850°9¢  (L8€907) 8TFE0°9¢  (66290°) 1G0L0 9T 4
(66590°) 21088°6%  (L8S90°) 8TE¥R'ST  (0L590°) &F29L 6T  (28590°) 88698°GT T
(86£90°) 09692°6%  (991¢0°) 2¥89€'6e  (VL¥S0") 68699'6c  (¥S€90°) 696SL ST 0
(-0's) AT ose) (-o's) 11 @se)) (o's) 1T @se)) (-o's) T ase) SULI9) JO IqUINN

*S19SSk 9A[ JO WNWIIXew 9y} uo uorydo [[ed epnuiiog 9y} UO SUOIOUIN] SISeq JO 910D 9y} JO 193 :9 9[qe],

29



Table 7: American-Bermuda-Asian option prices with Laguerre and

Hermite B polynomials.

A S L,(z) (s.e.) H. () (s.e.)

00 100  7.52344 (.04514)  7.44979 (.04491)
90 110 14.18221 (.05883) 14.13072 (.05835)
90 120 22.15082 (.06781) 22.04639 (.06723)
100 100  8.29836 (.04625)  8.23392 (.04598)
100 110 15.37693 (.05835) 15.31818 (.05771)
100 120 23.60899 (.06591) 23.48875 (.06542)
110 100  9.45722 (.04525)  9.41530 (.04484)
110 110 17.12380 (.05501) 17.03744 (.05428)
110 120 25.20639 (.06281) 25.20921 (.06223)

The characteristics of the option are: ¢ = 0.2, r = 0.06, T'= 2, F = 100. The
initial value of the average and the underlying stock price are denoted by A and
S, respectively. The average stock price is the continuous arithmetic mean from
three months before the valuation date to time ¢, where 0.25 < t < 2. The
option cannot be exercised during the first quarter. We use 50,000 (25,000 plus
25,000 antithetic) simulations and approximate the American option considering
100 exercise dates per year. We use a constant, the first two Laguerre (L, (z))
or Hermite B (H,, (z)) polynomials in the stock price, the first two polynomials
in the average stock price, and the cross products of these polynomials up to
third degree. We report the standard errors (s.e.) of the simulated values in

parentheses.
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Table 8: Sensitivity of the American-Bermuda-Asian option prices with

respect to the degree of Hermite B polynomials.

Degree  Option price (s.e.)
2 25.16948 (.06163)
3 25.17115 (.06246)
4 25.19076 (.06255)
5 25.21053 (.06225)
6 25.22129 (.06222)
7 25.15755 (.06210)
8 2519111 (.06229)
9 25.21444 (.06217)
10 25.21348 (.06213)

The characteristics of the option are: ¢ = 0.2, r = 0.06, T' = 2, E = 100. The
initial value of the average is A = 110 and the underlying stock price is S = 120.
The average stock price is the continuous arithmetic mean from three months
before the valuation date to time ¢, where 0.25 <t < 2. The option can only be
exercised after the first quarter. We use 50,000 (25,000 plus 25,000 antithetic)
simulations and approximate the American option considering 100 exercise dates
per year. We use Hermite B polynomials in the stock price and its average as
basis functions. We report the standard errors (s.e.) of the simulated values in

parentheses.
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Table 9: Sensitivity of the American-Bermuda-Asian option prices with

respect to cross products of Hermite B polynomials.

Degree 2 (s.e.) Degree 3 (s.e.)
Case I  25.16048 (.06163) 25.17115 (.06246)
Case II  25.16996 (.06163) 25.17099 (.06246)
Case ITT 25.14129 (.06233) 25.26195 (.06253)

The characteristics of the option are: ¢ = 0.2, r = 0.06, T'= 2, E = 100. The
initial value of the average is A = 110 and the underlying stock price is S = 120.
The average stock price is the continuous arithmetic mean from three months
before the valuation date to time ¢, where 0.25 <t < 2. The option can only be
exercised after the first quarter. We use 50,000 (25,000 plus 25,000 antithetic)
simulations and approximate the American option considering 100 exercise dates
per year. We use Hermite B polynomials and their cross products in the stock
price and its average as basis functions. In Case I, we do not use cross products.
Case I employs the same cross products as in Longstaff and Schwartz (2001). In
Case III, we use all the possible pairs of the basis functions employed in Case I.

We report the standard errors (s.e.) of the simulated values in parentheses.
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Table 11: Bermuda call option on the maximum of five assets. Out-of-

sample values.

Number of terms H., (x) (s.e.) T.(z) (s.e.)
25.71728 (.06327) 25.71728 (.06327)
25.83671 (.06531) 25.83671 (.06531)
26.07751 (.06190) 26.07692 (.06192)
26.14010 (.06139) 26.13720 (.06149)
26.14024 (.06130) 26.14446 (.06149)
26.15865 (.06150) 26.14179 (.06171)

(- (-

(- (-

(- (-

(- (-

(- (-

26.14962 (.06174) 26.13779
26.14758
26.14826
26.14113
26.13227

06179
06174) 26.09857

)

) 06207
06185)  26.02797

)

)

)
)
06324)
)
)

© o0 N O Ot ks W NN = O

06182
06197

25.85449
24.77399

06102
05692

—_
e}

Option prices are computed applying the stopping rule for one set of paths to
a different one. The characteristics of the option are: ¢ = 0.2 (for the five
assets), r = 0.05, the dividend yield is 0.1, 7" = 3 years, E = 100, there are three
exercise times per year, and the initial assets prices are 100 for the five assets. We
use 100,000 (50,000 plus 50,000 antithetic) simulations and the following basis
functions: a constant, the second to the fifth maximums and their squares, the
four products of consecutive pairs of maximums, the product of the five assets,
and zero to ten terms of the polynomials indicated in the first row. n > 0
denotes the degree of the polynomial. We report the standard errors (s.e.) of the

simulated values in parentheses.
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Table 12: American-Bermuda-Asian option prices with Laguerre and

Hermite B polynomials. Out-of-sample values.

A S Ly(z) (s.e.) H.,(z) (se.)

00 100  7.55461 (.04532)  7.47624 (.04503)
00 110 14.19743 (.05901) 14.15329 (.05857)
00 120 22.16454 (.06805) 22.04900 (.06751)
100 100  8.32834 (.04645)  8.25856 (.04612)
100 110 15.38253 (.05856) 15.32942 (.05793)
100 120 23.59644 (.06620) 23.47711 (.06570)
110 100  9.47838 (.04547)  9.43118 (.04500)
110 110 17.11952 (.05518) 17.03020 (.05442)
110 120 25.28705 (.06304) 25.19874 (.06248)

Option prices are computed applying the stopping rule for one set of paths to a
different one. The characteristics of the option are: ¢ = 0.2, r = 0.06, T = 2,
E = 100. The initial value of the average and the underlying stock price are
denoted by A and S, respectively. The average stock price is the continuous
arithmetic mean from three months before the valuation date to time ¢, where
0.25 < t < 2. The option cannot be exercised during the first quarter. We use
50,000 (25,000 plus 25,000 antithetic) simulations and approximate the American
option considering 100 exercise dates per year. We use a constant, the first
two Laguerre (L, (z)) or Hermite B (H,, (x)) polynomials in the stock price, the
first two polynomials in the average stock price, and the cross products of these
polynomials up to third degree. We report the standard errors (s.e.) of the

simulated values in parentheses.
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Hermite B Polynomials

Chebysev 1st kind C Polynomials

Figure 1: Plots of polynomials. This graph includes, from left to right, top
to bottom, the polynomials H., (z), C,(z), T;*(x) and S, (x) for degrees 0 (solid
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line), 1 (dotted line), 3 (dashed line), and 5 (dashed-dotted line).
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Continuation value for an American put (n = 20)

1
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Figure 2: Least-squares regressions for an American put option one
exercise date before maturity. The parameters of the option are: o = 0.5,
r = 0.06, T = 1 year, Sy = 40, F = 30. We approximate the American option
considering 70 exercise dates. We use 100,000 (50,000 plus 50,000 antithetic)
simulations and 20 terms of the polynomials W, (z) and H,(x) as basis functions.
n > 0 denotes the degree of the polynomial. We depict 5,000 actual (simulated)

points.



Continuation value forn =5
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Figure 3: Continuation value of a Bermuda option on the maximum of
five assets one date before maturity. The parameters are: 0 = 0.2 (for the
five assets), r = 0.05, dividend yield = 0.1, T' = 3 years, E' = 100, there are three
exercise times per year, and the initial asset price is 100 for the five assets. We
use 100,000 (50,000 plus 50,000 antithetic) simulations and the following basis
functions: a constant, the second to the fifth maximums and their squares, the
four products of consecutive pairs of maximums, the product of the five assets,
and zero to ten terms of the polynomials H,. (x) and T, (z). n > 0 denotes the

degree of the polynomial. We depict 5,000 actual (simulated) points.



