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Abstract

We propose in this paper a general framework for evaluation problems in which

the outcome range of the variable can be partitioned into a series of levels that

may have different meaning or importance, as they may represent qualitatively dif-

ferent results. Measures of poverty, excellence, inclusion or overall performance

indicators are particular cases of this type of problems. We focus on the case of

additive functions, to facilitate the discussion. This framework is applied to the

analysis of educational poverty, excellence and overall performance of 15-year old

students, according to the PISA 2015 data for all 68 participating countries and

large economies. The analysis provides insights on the differences between countries

that are not captured by the average test scores.
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1 Introduction.

This paper proposes an evaluation protocol that applies to a family of problems regard-

ing the comparison of different societies (e.g. countries, firms, institutions) as a function

the distribution of their members’ outcomes, which are measured by a scalar quantitative

variable. This is a common evaluation problem, examples of which are the comparison

of income distributions, school achievements, unemployment duration, or scientific in-

fluence, to mention just four relevant instances. In the first case the variable is income,

in the second one we can think of the scores of some test, the third can be linked with

the number of months unemployed, and in the last one with the number of citations of

scientific publications. We shall keep these examples as a reference along the paper to

facilitate the discussion.

The novelty of our contribution is that we use a multilevel approach for the evaluation.

By that we mean that the range of variation of the outcome variable that measures

individual achievements can be sensibly divided into a number of levels or categories,

defined by a partition in terms of intervals of the outcome range. Those categories

indicate differences not only in the levels of achievements but also in their meaning or

importance.

There are two main reasons why this approach is relevant. First and foremost because

there are evaluation problems in which quantitative differences entail qualitative dispar-

ities. That is, different parts of the outcome distribution represent different aspects of

that distribution from a descriptive or normative viewpoint. In the case of income dis-

tributions, for instance, values below 60% of the median identify the set of the poor, who

are regarded as defining a particular category of agents. When measuring the scientific

influence, publications in the top 1% or top 10% of the citation distribution represent

contributions that are regarded as qualitatively different (e.g. the evaluation protocol of

citation impact known as the NSF6).1 Unemployment studies usually consider long-term

unemployment (i.e. more than 12 months unemployed) as qualitatively different. The

evaluation of scholastic performance in the OECD’s PISA reports (OECD (2016), for

instance) considers seven different levels of proficiency, defined by intervals of the test

scores, which are regarded as qualitatively different (see OECD (2014)). Allmendinger

and Leibfried (2003) document the relation between education and social policy, sug-

gesting that pupils below a certain level of proficiency in their PISA scores should be

1This is a procedure applied by the National Science Foundation in which there are six categories

defined in terms of the following percentiles of the citation distribution: (1) Publications in the interval

1, 50th; (2) Publications in the interval (50th, 75h; (3) Publications in the interval (75th, 90th; (4)

Publications in the interval (90th, 95th; (5) Publications in the interval (95th, 99th; and (6) Publications

in the interval (99th, 100th.
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considered as educationally poor.

Second, there are also cases in which we would like to get a finer discrimination than

that derived from comparing average values (or even the mean and variance of the dis-

tributions). This becomes important when the outcome distributions of the groups we

are comparing are very different or when the distributions within the groups are asym-

metric. In those cases average (or mean and variance) comparisons may hide important

structural differences between the groups and are not very informative. A multilevel

evaluation permits one taking into account the differences in diverse parts of the distri-

bution.

In summary, multilevel evaluation can be regarded as an intermediate step between

comparing summary statistics and entire distributions, which permits one attaching

different values to different parts of the distributions. Or, put differently, it provides a

simplified way of comparing distributions in a non-symmetric step-wise manner.

We apply the multilevel approach to the analysis of educational outcomes for 15-year

old students, according to PISA 2015, for 68 countries and large economies. This is a

case in which average scores hide substantial differences in the outcome distributions

between countries and where our approach can help uncovering the existing disparities

in a systematic way. We propose here three different measures to complement the eval-

uation of the educational achievements in terms of average scores. First, a measure of

low performance that tries to capture the extent of the students who do not achieve a

minimal proficiency threshold. It can be regarded as a measure of educational poverty.

Second, a measure of high performance that evaluates the success of educational sys-

tems in producing students with top outcomes. This can be interpreted as a measure of

excellence. And third, an indicator of the overall performance that combines all levels

of proficiency giving higher weights to better outcomes and hence taking into account

the differences in the distributions. We shall show that these three evaluations provide

new insights on the differences between educational systems and that the measures of

educational poverty and excellence yield rankings that differ significantly from those in

terms of mean scores.

The rest of the paper is organized as follows. In Section 2 we present the theoretical

framework the propose the evaluation formulas that permit define the notions of poverty,

excellence and overall performance. In Section 3 provide an empirical application regard-

ing educational outcomes according to PISA 2015. In Section 4 we conclude with some

final remarks.
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2 Theoretical framework

Let us assume that we have a society of n agents, N = {1, 2, . . . , n}, whose performance

relative to a given aspect has to be evaluated as a function of its members’ outcomes.

Agent i ’s individual outcome is denoted by yi ∈ D, where D is a connected subset of the

real numbers. The vector y = (y1, . . . , yn) ∈ Dn give us the outcome distribution of the

whole society. We consider, without loss of generality, that the elements of this vector

are ordered so that y1 ≤ y2 ≤ . . . ≤ yn.

Let us assume that the domain D ⊂ R+ can be divided into a set of categories, which

gives us the possibility to treat agents differently depending on the category they belong

to. To formalize this idea, let C = {C1, . . . , Ck} be a partition of D into connected

subsets Ch, which amounts to say that
⋃k
h=1Ch = D, and Ch ∩ Cg = φ for all g 6= h.

Without loss of generality we take those categories as intervals open from the right, that

is, C1 = {x ∈ D|q0 ≤ x < q1}, C2 = {x ∈ D|q1 ≤ x < q2}, ..., Ck = {x ∈ D|x ≥ qk−1}.
We denote by C the set of all possible partitions of D.

For a given category h, let Nh the set of agents whose outcomes lie in Ch, Nh = {i ∈
N |yi ∈ Ch}, and nh its cardinality. Obviously,

∑k
h=1 nh = n.

For each category Ch we can define a partial evaluation function (PEF, for short),

relative to this category, as a mapping fh : Dn −→ R that measures the performance of

those agents whose outcomes lie within Ch.

Example 1. The following expressions are particular instances of partial evaluation

functions that are frequent in the literature:

(a) Here we evaluate a category in terms of incidence, that is, in terms of the corre-

sponding population share.

fh(y) =
nh
n

(b) In this case the performance is evaluated in terms of the cumulative deviations with

respect to the upper limit of the interval, so that this is a measure of relative loss

(and hence decreasing in the outcome), powered by a sensitivity parameter ν.

fh(y) =
1

n

∑
i∈Nh

[
qh − yi
qh

]ν
(c) Using the dual idea, now performance is evaluated in terms of the relative gains with

respect to the lower limit of the interval (and hence increasing in the outcome).

fh(y) =
1

n

∑
i∈Nh

[
yi − qh−1
qh−1

]ν
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(d) This evaluation formula corresponds to a generalised mean of the outcomes in cate-

gory h. The case ν = 1 yields the arithmetic mean and the case ν = 0 the geometric

mean.

fh(y) =

 1

nh

∑
i∈Nh

yνi

 1
ν

(e) Finally, the next evaluation corresponds to the ratio between the mean outcome of the

agents in category Ch and the mean outcome of the whole society N . The parameter

ν stands for the sensitivity of the measure to deviations with respect to the entire

population. For ν ∈ (0, 1) the PEF is increasing and concave whereas for values

ν > 1 it is increasing and convex.

fh(y) =

[
µh(y)

µ(y)

]ν
,

where µh(y) is the mean of category Ch, and µ(y) is the mean of the whole society

N .

Given a partition C = {C1, . . . , Ck} ∈ C, a multilevel evaluation function (or MEF,

for short) is a mapping F : Dn −→ R that measures the overall performance of the

agents in N , taking into account the existence of different categories of outcomes. That

is,

F (y) = φ (f1(y), . . . , fk(y))

We shall focus here on the family of multilevel evaluation functions that adopt the

additive form, that is:2

F (y) = α1f1(y) + . . .+ αkfk(y), (1)

with αh ≥ 0 for all h and
∑k

h=1 αh = 1. As these coefficients determine the relative

importance of each category in the evaluation, there will often correspond to population

shares, nh
n .

Example 2 (Overall performance). This is an example in which our normative criteria

are such that outcomes in the higher categories are given pre-eminence. We take the

mean ratio as the appropriate partial evaluation function (Case (e) in Example 1 with

ν = 2), and αh = nh
n

F (y) =

k∑
h=1

nh
n

[
µh(y)

µ(y)

]2
(2)

2Needless to say the additive format is a very particular case of that type of functions. Yet it provides

a general and intuitive evaluation framework that suffices for our purposes.
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Notice that the case in which µh(y) = µ(y) for all h (an egalitarian distribution) the

MEF F takes the value F (y) = 1, which is a good point of reference to interpret the

values of the index. That is, values above 1 indicate that the actual distribution is better

than the egalitarian one, and vice-versa.

Note that Equation 2 can be rewritten as:

F (y) =
k∑

h=1

Yh
Y

µh(y)

µ(y)
,

where Yh = nhµh(y) and Y = nµ(y) are the aggregate realizations of category h and of

the whole society. That is, the evaluation corresponds to the weighted sum of the mean

shares, with weights given by the corresponding relative total achievements.

This evaluation approach is very flexible as it allows for different modeling choices re-

garding the design of the categories and the choice of the PEF’s. In some cases the

partition of the range of the variable into categories derives from some external consid-

eration. An example is that of the levels of proficiency in the PISA reports, that are

defined in terms of the achievement of certain competencies and then parameterised by

intervals of the test scores. Similarly, the classification of the National Science Foun-

dation citation impact obtains from a wide consensus among specialists, based on the

shape of the citation distribution. When dealing with income distributions one usually

refers to particularly relevant percentiles, such as 99, 80, 50 etc. The threshold defined

by the 60% of the median income to define poverty is still another example of consensus.

In other cases, though, there are less compelling reasons to choose a specific partition

C.

In many situations, the society’s performance is evaluated by the achievements of those

individuals at the tails of the distribution, by focusing on low or high performers. A case

in point is that of poverty indices, where only incomes below the poverty line are relevant.

Another example is PISA, which considers that Level 2 as the minimum admissible one,

and those students below the threshold that defines this level are considered as low

performers (educationally poor).

Example 3 (Poverty). Let us consider Equation 1 when α1 = 1 and αh = 0 for any

h > 1. If we take the PEF of Case (b) in Example 1, we obtain the following multilevel

evaluation function:

F (y) =
1

n

∑
i∈N1

[
q1 − yi
q1

]ν
(3)

This formula corresponds to the FGT family of poverty measures (see Foster et al.

(1984)), which yields the well known poverty gap for the case ν = 1.
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A dual exercise is that of evaluating society’s performance from the point of view of the

excellence, that is, focusing on the high performers. Think, for instance, of the evaluation

of citation impact by comparing institutions in terms of their shares in the top 10% (or

even top 1%) of the distribution of total citations in a discipline. Here high performers

are usually defined by a top percentile of the outcome distribution, to be interpreted as

the threshold for excellence (see Albarrán et al. (2011)). Another relevant case is that

in which we deal with the evaluation of the social cost of unemployment. Here we focus

on those workers unemployed for more than one year, say, and obtain a measure of the

unemployment that combines incidence and intensity (in terms of duration). See Gorjón

et al. (2018) for an application to the Spanish labour market.

Example 4 (Excellence). Again, by selecting properly the multilevel evaluation function

we can obtain a measure of high performance (excellence, but also inclusion) that is dual

to the concept of poverty. Hence, if we take αk = 1 and αh = 0 for any h < k in

Equation 1, and if we consider the PEF of Case (c) in Example 1, we can construct the

following MEF:

F (y) =
1

n

∑
i∈Nk

[
yi − qk−1
qk−1

]ν
(4)

The analysis of poverty and excellence represent an extreme case of evaluation in which

we focus on just one of all the possible categories. We can think of the other extreme

case in which each outcome in the support represents a category, which is the case for

many inequality measures (e.g. Gini (1921), Theil (1967), Atkinson (1970)).

3 An empirical application: PISA 2015

The Program for International Student Assessment (PISA) is a worldwide study carried

out by the OECD every three years, whose goal is to help improving educational systems

based on the evidence regarding the outcomes they produce. Sixty eight countries and

large economies participated in the 2015 wave that we take as reference. The key outcome

variable is the scoring of a test designed so that it could be compared internationally,

realized by 15 year old students. The score range is [0, 1000] with mean and standard

deviation set initially at 500 and 100, respectively. Besides the test scores there is a rich

information about the students’ environment that helps understanding the outcomes

and devising policies to improve them. There are three different fields of competence

evaluated in each occasion, reading comprehension, mathematics and science, with a

leading one that rotates. Science was the key field in 2015 and we shall refer to this

dimension here.
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The OCDE classifies the students’ performance in seven different levels of proficiency,

parameterised by critical values of the test scores. So we find here a partition of the

domain D = [0, 1000] into seven categories that correspond to differential abilities.

Special significance have the levels 2 and 5, which are considered the categories that

define low and high performance. Table 1 provides the thresholds of the different levels

for science. All the data that are presented below come from the 2015 PISA study, as

supplied by the OECD.

Level Interval of scores

L0 [0, 335[

L1 [335, 410[

L2 [410, 484[

L3 [484, 559[

L4 [559, 633[

L5 [633, 708[

L6 [708, 1000]

Table 1: Levels and cutoffs in PISA 2015.

The diversity of the students’ performance among countries is quite significant, as one

should expect, even though such a diversity is partly hidden when comparing average

scores. Figure 1 depicts the score distributions of five selected countries: the Dominican

Republic, Singapore, Spain, Turkey and the United States. Singapore and the Dominican

Republic are the extreme cases of good and bad results. Note that besides the difference

in the overall average values, the distributions exhibit very different shapes, especially

regarding the tails.
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200 400 600 800

Country Dominican Republic Singapore Spain Turkey United States

Figure 1: Distribution of scores.

Table 2 contains the main summary statistics regarding the scores. We observe that

the coefficient of variation is rather low (0.11), which would indicate that the results in

PISA 2015 do not exhibit large disparities. Figure 2, which represents the mean scores

for all the countries and large economies participating in PISA 2015, illustrates further

this aspect (the dashed line in the figure corresponds to the global mean). In particular,

the average score of Singapore (the country with the highest value) is just 1.6 times that

of the Doiminican Republic (the country with the lowest score). Yet, Figure 1 suggests

that the performances of Singapore and the Dominican Republic are extremely different.

Which indicates that average scores are not very good measures of the differences that

exist between educational systems, or at least that they should be complemented with

other indicators.

Statistic Value

Min 331.6

Median 476.1

Mean 464.9

Max. 555.6

Coeff. of Variat. 0.11

Table 2: Descriptive statistics for the scores in science.

Comparing the countries’ educational outcomes in terms of the average scores is too

crude an approach. We shall, therefore, analyse the data from a multilevel perspective,

applying some of the formulae presented above. In order to keep the discussion within

reasonable bounds we shall evaluate three aspects within each country: the extent of
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low performance (educational poverty), the extent of high performance (educational

excellence), and a multilevel measure of overall performance.
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Figure 2: Distribution of science scores.

Table 6 in the Appendix contains, for each level and country, both the population share

(Columns 2 to 8) and the average score (Columns 9 to 15) within that level.

3.1 Educational poverty

According to the PISA 2015 report (OECD 2016, vol. I, p. 60), “At Level 2, students

are able to draw on everyday content knowledge and basic procedural knowledge to

identify an appropriate scientific explanation, interpret data, and identify the question

being addressed in a simple experimental design. They can use basic or everyday scien-

tific knowledge to identify a valid conclusion from a simple data set. Level 2 students
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demonstrate basic epistemic knowledge by being able to identify questions that can be

investigated scientifically.” There is evidence, particularly longitudinal studies developed

in Australia, Canada, Denmark and Switzerland, showing that students who perform

below Level 2 often face severe disadvantages in their transition into higher education

and the labour force in subsequent years (see Bertschy et al. (2009) and Mueller and

Wolter (2011)). Consequently, “the proportion of students who perform below this base-

line proficiency level thus indicates the degree of difficulty countries face in providing

their populations with a minimum level of competencies.” (cf. OECD 2014, vol. I, p.

68)).

To provide a measure of educational poverty we thus propose to use Equation 3 with

ν = 1. This formula corresponds to the product of the head count ratio and the intensity

of poverty, measured by 1 minus the ratio between the average score of those below level

2 and the threshold of level 2. That is,

FP (y) =
1

n

∑
i∈L0∪L1

410− yi
410

(5)

It is worth noting that this measure of educational poverty uses the students’ compe-

tences as inputs. Other authors (such as Bourguignon and Chakravarty (2003), Baulch

and Masset (2003), or Saccone (2008)) propose different alternatives based on primary

school attainment. See also Villar (2017a) for more details on the measurement of

poverty.

The summary statistics of this measure show, in particular, a large diversity of situations

between the participating countries, with a coefficient of variation close to 0.8 (more

than seven times higher than the coefficient of variation of the score). The highest

value (Dominican Republic) is 52 times larger than the lowest one (Vietnam), in a sharp

contrast with the corresponding ratio of average scores.

Statistic Value

Min 0.003

Median 0.032

Mean 0.048

Max. 0.207

Coeff. of Variat. 0.780

Table 3: Descriptive statistics for poverty.

Educational poverty thus exhibits a behaviour that differs substantially from that of
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average scores. Indeed, the Kendall’s τ -test (with p-value smaller than 0.05) indicates

that the raking of countries generated by this measure varies with respect to the ranking

of the scores used in PISA.3 Vietnam, that is in the eighth position regarding average

scores, is the country with the best performance in educational poverty. In contrast,

Singapore jumps down six positions (from the top position to the sixth). We do not ob-

serve significant changes at the lower tail. Yet, there are other countries whose positions

change more drastically. Such is the case of New Zealand, Australia, Belgium (worsen)

Latvia, or Russia (improve), that move more than ten positions. The full details of the

rankings are in Table 8.

3.2 Educational excellence

Excellence refers to the extent of high performance in the population of 15-year old

students (i.e. the thickness of the right hand tail of the distribution of the test scores).

The implicit assumption is that the fraction of students with high levels of performance

is a predictor of those who will get higher education and more likely to exert social

leadership. We take level 5 as the threshold of high performance, following the OECD

valuation. According to PISA: “At Level 5, students can use abstract scientific ideas

or concepts to explain unfamiliar and more complex phenomena, events and processes

involving multiple causal links. They are able to apply more sophisticated epistemic

knowledge to evaluate alternative experimental designs and justify their choices and use

theoretical knowledge to interpret information or make predictions. Level 5 students

can evaluate ways of exploring a given question scientifically and identify limitations in

interpretations of data sets including sources and the effects of uncertainty in scientific

data.” (OECD (2016), vol. I, p. 60)). So, Equation 4 is a good candidate to measure

high performance.

We propose the following formula for the evaluation of excellence (the mirror image of

that corresponding to poverty):

FE(y) =
1

n

∑
i∈L5∪L6

yi − 633

633
(6)

Here we find huge differences between countries, much larger than those regarding

poverty (the corresponding coefficient of variation is 38% larger). The country with

better results (Singapore) has an index 8000 times that of the country with worst results

(Kosovo).

3As for the ordering of the countries according to educational poverty, we have considered that the

less poverty the better, and thus, the top positions are for less educationally poor nations.
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Statistic Value

Min 2.3 · 10−6

Median 0.0020

Mean 0.0033

Max. 0.0191

Coeff. of Variat. 1.080

Table 4: Descriptive statistics for excellence.

The comparison of educational excellence and average scores shows that the coefficient

of variation of the former is 9.8 times larger than that of the latter. Besides, the relative

ratio of the maximum with respect to the minimum increases from 1.68 in the case of

score to 8304 (almost 5000 times). That is, the educational excellence exhibits a much

uneven distribution than average scores. Also in this case the Kendall’s τ -test (with

p-value smaller than 0.05) evidences the existence of a significant differences between

the orderings generated by those two criteria (see Table 8). For instance, Hong Kong

goes down 22 positions if we consider the educational excellence, while Malta jumps

up 24. Other countries (such as Brazil, Sweden, Switzerland, or Vietnam) also present

important changes in the ordering. Singapore Japan, Estonia, Chinese Taipei, and

Finland perform very well with respect to both measures.

3.3 A multilevel measure of overall performance.

In order to provide a more complete analysis, we propose here a measure of scholastic

performance that takes into account all levels of proficiency. That is, for each partici-

pating country or large economy, i, we shall have:

FOP (y) =

6∑
h=0

nh
n

(
µh(y)

µ(y)

)2

, (7)

where µh(y) is the mean score of level Lh (with h ∈ {0, 1, . . . , 6}) for the given country

and µ(y) is the mean score of all the participating countries. So we measure here the

deviations of the average values of the different proficiency levels of each country with

respect to the overall average of all countries and all levels. We obtain in this way

an evaluation not only on how different are the means of the countries but also on

how different are their distributions, under the implicit ethical assumption that higher

outcomes are desirable and lower outcomes are not.

The basic statistics of this multilevel measure of overall performance are summarized in

Table 5. We observe that the distribution of this variable is much smoother than that
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of poverty or excellence, with a coefficient of variation of 0.21 and a much smaller gap

between the top and bottom performers (2.8 times). Yet it is worth noting that this

index discriminates much more than the average scores as its coefficient of variation is

almost twice that of the average scores.

Note that, by construction, the overall performance measure generates the same ranking

as that of average scores because it is obtained by a change of units (dividing by the

global mean) and an increasing transformation (squaring the values).

Statistic Value

Min 0.539

Median 1.109

Mean 1.068

Max. 1.505

Coeff. of Variat. 0.209

Table 5: Descriptive statistics for overall performance.

3.4 A comparison of the three measures.

In this section we compare the results we have obtained for the three measures presented

above.

Table 7 in the Appendix contains the values for educational poverty, excellence and

overall performance, respectively. Columns 2 to 4 show the absolute values of those

measures (according to Expressions 5, 6, 7). Columns 5, 6, and 7 present the same

data normalised as percentages of the OECD global average. The data show that the

differences in the overall performance of the participating countries are moderate but

much larger than those of the average values. Differences in educational poverty are

much more acute, whereas disparities in excellence are huge. In particular, more than

20 countries are below the 10% of the OECD mean of excellence, with some of them

barely reaching 1%. Top performers in excellence are very much alike, with the exception

of Singapore that exhibits outstanding results.

Figure 3 presents the distribution of the countries ordered according to their average

scores, poverty, excellence, and overall performance measures, arranged from top to bot-

tom values. In order to facilitate the comparison of the distribution of those measures,

we let the highest value of each indicator equal to 1. Mind that the same point in the

horizontal axis is typically linked with different countries in the vertical axis, depending

on the chosen variable. The graphic shows how different those distributions are. The
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shape of the distribution of the overall performance is similar to that of the average

scores, even though with sharper differences. The distributions of the poverty and ex-

cellence measures, however, show a very different pattern with much larger disparities.

Both measures decrease sharply at the top and reach very low values at the bottom. It

is remarkable that even though poverty and excellence are somehow dual variables, they

exhibit a similar distribution. It is also worth noting that the distributions of educational

poverty and excellence across countries exhibit the same pattern as the distribution of

the GDP per capita (indeed they show even larger inequalities between countries).4

This may serve to give an idea on how unequal are the countries regarding educational

outcomes of high and low performers, an aspect that is not captured by average values.

0.00

0.25

0.50

0.75

1.00

R
el

at
iv

e 
va

lu
es

Poverty Excellence Overall Performance Science score GDPpc

Figure 3: Distribution of the average scores, overall performance, poverty and excellence

measures, together with the GDPpc.

In Figure 4 we represent the joint distributions of each pair of measures. Each dot rep-

resents one country and the dashed lines describe the mean values of the corresponding

measures. Educational poverty and excellence are negatively correlated, as one would

expect, with a value ρ = −0.64. Even though most of the countries with low scores

in excellence exhibit high levels of poverty, there are many different combinations, as

illustrated in Table 3 in the Appendix. The correlations between overall performance

and poverty, and between overall performance and excellence, are stronger with values

ρ = −0.92 and ρ = 0.85, respectively. Note that, besides the differences in the coef-

ficients of correlation, joint distributions differ in shape. Excellence and poverty are

distributed as a hyperbola with negative slope. Poverty and overall performance also

4Note that this does not mean that the educational poverty or excellence are closely related to the

distribution of per capita GDP. Indeed the coefficients of correlation between GDP per capita and

educational poverty, excellence and overall performance, are -0.4, 0.48 and 0.51, respectively.
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exhibit a negative slope but their joint distribution follows closely a linear pattern. Ex-

cellence and overall performance are positively related with a joint distribution that has

the shape of a logarithmic function.
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Figure 4: Correlations between educational poverty, excellence and overall performance.

4 Final remarks.

We have presented in this paper a general framework to address those evaluation prob-

lems in which the outcome range can be regarded as consisting of different levels, which

represent qualitatively different situations. The focus has been on those multilevel mea-

sures that can be expressed as weighted averages of the different partial evaluation

functions. Even tough this is a very particular family of indicators, it is flexible enough

to encompass a rich family of problems and turns out to be very intuitive. Regarding

the partial evaluation functions we also have discussed a small sample of cases which,

nevertheless, cover the most usual indicators.

We have applied this framework to the analysis of educational outcomes for 15 year-old

students, according to PISA 2015. The results show that a multilevel analysis provides

a much richer picture of the countries’ diversity.

Let us also mention that this approach also permits combining the data in order to devise

richer indicators (a sort of boot-strapping exercise). An example is that Villar (2017b)

where an elementary index of educational achievements is proposed, by combining three

different aspects of the distribution of educational outcomes in PISA 2015: performance,

inclusion and excellence. Performance is measured by the average scores, inclusion by

the incidence of those students with levels 2 or above, and excellence by the share of

students with levels 5 or above.
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Absolute values % of the sample mean

Country Code Poverty Excellence O. Perf. Poverty Excellence O. Perf.

Albania AL 0.057 0.00011 0.89 119.7 3.4 83.1

Algeria DZ 0.118 0.00001 0.69 245.6 0.2 64.2

Australia AU 0.023 0.00772 1.28 48.8 231.9 119.3

Austria AT 0.026 0.00449 1.20 54.4 134.7 112.3

Belgium BE 0.026 0.00497 1.24 54.8 149.2 115.6

Brazil BR 0.100 0.00029 0.79 208.4 8.6 74.2

Bulgaria BG 0.064 0.00139 0.98 133.0 41.8 92.1

Canada CA 0.012 0.00811 1.35 25.0 243.5 126.6

Chile CL 0.047 0.00047 0.98 97.9 14.2 91.3

Chinese Taipei TW 0.016 0.01044 1.38 32.4 313.2 129.4

Colombia CO 0.072 0.00012 0.84 150.7 3.6 79.0

Costa Rica CR 0.057 0.00004 0.85 118.6 1.3 79.8

Croatia HR 0.029 0.00203 1.10 60.7 60.8 103.2

Czech Republic CZ 0.025 0.00430 1.19 51.4 129.1 111.1

Denmark DK 0.018 0.00413 1.23 38.3 124.0 114.7

Dominican Republic DO 0.207 0.00000 0.54 431.5 0.1 50.5

Estonia EE 0.008 0.00860 1.38 17.6 258.1 129.4

Finland FI 0.014 0.00960 1.37 28.2 288.0 128.3

France FR 0.031 0.00438 1.20 65.2 131.3 112.6

Georgia GE 0.087 0.00041 0.83 181.3 12.3 78.0

Germany DE 0.021 0.00706 1.27 44.4 211.9 118.7

Greece GR 0.047 0.00092 1.01 97.8 27.8 94.9

Hong Kong HK 0.010 0.00337 1.32 20.4 101.3 123.7

Hungary HU 0.036 0.00228 1.11 75.3 68.4 104.3

Iceland IS 0.033 0.00180 1.09 68.4 54.0 102.4

Indonesia ID 0.076 0.00002 0.79 157.3 0.7 73.6

Ireland IE 0.017 0.00400 1.23 35.3 120.1 114.9

Israel IL 0.050 0.00351 1.08 104.9 105.2 100.9

Italy IT 0.030 0.00189 1.13 62.0 56.7 105.5

Japan JP 0.011 0.01007 1.41 22.3 302.3 131.7

Jordan JO 0.084 0.00005 0.82 175.9 1.6 76.6

Korea KR 0.017 0.00632 1.30 36.3 189.8 121.4

Kosovo XK 0.116 0.00000 0.70 241.9 0.1 65.3

Lebanon LB 0.122 0.00021 0.74 254.1 6.2 69.3

Latvia LV 0.018 0.00185 1.16 36.8 55.7 109.0

Lithuania LT 0.030 0.00201 1.10 63.4 60.2 103.3

Luxembourg LU 0.034 0.00418 1.15 70.4 125.5 107.2

Macao MO 0.008 0.00489 1.35 15.8 146.7 126.2

Malta MT 0.062 0.00555 1.08 128.3 166.6 101.3

Mexico MX 0.063 0.00003 0.84 131.4 1.0 78.4

Moldova MD 0.064 0.00030 0.90 133.7 9.1 84.0

Montenegro ME 0.082 0.00019 0.83 170.8 5.6 77.7

Netherlands NL 0.022 0.00695 1.27 46.7 208.6 118.6

New Zealand NZ 0.022 0.00947 1.29 45.8 284.3 121.0

Norway NO 0.024 0.00489 1.21 49.6 146.7 113.7
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Absolute values % of the sample mean

Country Code Poverty Excellence O. Perf. Poverty Excellence O. Perf.

Peru PE 0.093 0.00003 0.77 194.6 0.9 71.9

Poland PL 0.018 0.00442 1.22 37.0 132.6 114.5

Portugal PT 0.019 0.00391 1.22 40.5 117.4 114.5

Puerto Rico PR 0.095 0.00014 0.80 197.2 4.1 74.7

Qatar QA 0.089 0.00084 0.87 185.2 25.1 81.1

Romania RO 0.050 0.00022 0.92 104.8 6.6 86.1

Russian Federation RU 0.019 0.00177 1.15 38.9 53.2 107.4

Singapore SG 0.011 0.01915 1.51 23.5 574.8 140.9

Slovak Republic SK 0.049 0.00182 1.05 101.3 54.6 97.9

Vietnam VN 0.004 0.00511 1.33 8.2 153.5 124.0

Slovenia SI 0.017 0.00665 1.28 35.4 199.7 120.0

Spain ES 0.022 0.00233 1.18 45.2 69.8 110.5

Sweden SE 0.031 0.00546 1.20 64.0 163.9 112.0

Switzerland CH 0.023 0.00567 1.25 48.2 170.2 117.1

Thailand TH 0.063 0.00016 0.87 131.6 4.9 80.9

Trinidad and Tobago TT 0.076 0.00061 0.89 158.0 18.3 83.3

United Arab Emirates AE 0.068 0.00146 0.94 140.8 44.0 88.4

Tunisia TN 0.097 0.00001 0.72 202.4 0.2 67.6

Turkey TR 0.061 0.00009 0.88 126.6 2.7 82.6

FYROM MK 0.120 0.00007 0.73 248.9 2.2 67.9

United Kingdom GB 0.021 0.00726 1.27 43.6 218.1 118.8

United States US 0.025 0.00541 1.21 52.1 162.5 112.9

Uruguay UY 0.057 0.00052 0.93 119.4 15.5 86.8

Table 7: Values of poverty, excellence and overall performance.
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Country Score and O. Perf. Poverty Excellence

Singapore 1 6 1

Japan 2 5 3

Estonia 3 3 6

Chinese Taipei 4 9 2

Finland 5 8 4

Macao 6 2 20

Canada 7 7 7

Vietnam 8 1 18

Hong Kong 9 4 31

Korea 10 12 13

New Zealand 11 21 5

Slovenia 12 11 12

Australia 13 24 8

United Kingdom 14 18 9

Germany 15 19 10

Netherlands 16 22 11

Switzerland 17 23 14

Ireland 18 10 28

Belgium 19 29 19

Denmark 20 15 27

Poland 21 14 23

Portugal 22 17 29

Norway 23 25 21

United States 24 27 17

Austria 25 28 22

France 26 34 24

Sweden 27 33 16

Czech Republic 28 26 25

Spain 29 20 32

Latvia 30 13 37

Russian Federation 31 16 40

Luxembourg 32 36 26

Italy 33 31 36

Hungary 34 37 33

Lithuania 35 32 35

Croatia 36 30 34

Iceland 37 35 39

Israel 38 42 30

Malta 39 47 15

Slovak Republic 40 40 38

Greece 41 38 43

Chile 42 39 47

Bulgaria 43 50 42

United Arab Emirates 44 52 41

Uruguay 45 44 46

Romania 46 41 51
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Country Score and O. Perf. Poverty Excellence

Moldova 47 51 49

Albania 48 45 57

Turkey 49 46 58

Trinidad and Tobago 50 55 45

Thailand 51 49 54

Costa Rica 52 43 61

Qatar 53 59 44

Colombia 54 53 56

Mexico 55 48 62

Montenegro 56 56 53

Georgia 57 58 48

Jordan 58 57 60

Indonesia 59 54 64

Puerto Rico 60 61 55

Brazil 61 63 50

Peru 62 60 63

Lebanon 63 67 52

Tunisia 64 62 65

FYROM 65 66 59

Kosovo 66 64 68

Algeria 67 65 66

Dominican Republic 68 68 67

Table 8: Positions in rankings according to poverty, excellence and over-

all performance.
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