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1 Introduction

Resource allocation problems are ubiquitous in Economics. In this note, we consider the
problem of sharing the revenues from broadcasting sports leagues among participating teams,
based on the audiences they generate, recently introduced in Bergantinos and Moreno-Ternero
(2020a). Our starting point is to explore the implications of the combination of two basic
axioms: additivity and weak equal treatment of equals. The former is a standard condition
in axiomatic work, which can be traced back to Shapley (1953). The latter is the weakest
possible version of impartiality, a fundamental principle in the theory of justice (e.g., Moreno-
Ternero and Roemer, 2006). We show that the combination of those two axioms characterizes
a large family of separable rules, in which the audience of each game is allocated among teams
according to three rates (referring to the home team, the away team, and all other teams, re-
spectively). We then explore the implications of the principle of monotonicity (e.g., Thomson
and Myerson, 1980) for such a family of separable rules. This analysis allows us to derive new
characterizations for focal members of the family (such as split rules and compromise rules)

when combined with some other basic axioms in this model.

2 The model

We consider the model introduced by Bergantifios and Moreno-Ternero (2020a).! Let N de-
scribe a (fixed) finite set of teams, with cardinality n > 3. For each pair ¢,j € N, let a;; > 0 be
the broadcasting audience for the game played by ¢ and j at ¢’s stadium. Let A € A,,«,, denote
the resulting matrix of broadcasting audiences in the (double round-robin) tournament. Each
matrix with zero entries in the diagonal (and non-negative entries in the rest of the matrix)

represents a problem, whose set is denoted P. For each A € P, let ||A|| = a;;. A rule

ijEN
is a mapping R : P — R" such that, for each A € P, .. Ri(A) = ||A||. We consider the

following family of rules:

Separable rules {G*™¥*}. Let z,y,z € A,xn (With zero entries in the diagonals) satisfy
e for each pairi,j € N, i # j,

Tij + Yy + (n—2) 25 = 1,
1See also Bergantifios and Moreno-Ternero (2020b, 2021a,b, 2022).




e for each trio i,j,k € N, i # j # k,

Yij + Zik = Zij T Yik
Tji + Zki = Zji T T,
Tij Y = Yij T Tjie
Then, for each A € P, and each i € N,
nyz(A) = Z xijaij + Z yjiaji + Z ijajk.
JEN\{s} JeN\{i} JkeN\{i}
In words, each separable rule (G*¥*) allocates the audience of each game (a;;) according to

three rates. The home team () receives x;;. The away team (j) gets y;;. Other teams get z;;.

If 2;; =1 -\, y;; = A, and z;; = 0, for each pair 7,5 € N, i # j, we obtain a focal family:

Split rules {S’\ : for each A € [0,1], each A € P, and each i € N,

}Ae[o,l]
SMA) =(1=X) > ay+Xr Y a
JEN (i} JEN (i}
Ifa;; =y, = % and z;; = 0, for each pair 7,5 € N, i # j, we obtain the focal equal-split rule.

Two other focal rules, known as the uniform rule and concede-and-divide, are obtained when for

n—1

. . . . . 1
each pair 4,7 € N, i # J, i = yij = 2ij = -, and &y = Y5 =

and z;; = n%lz? respectively.
Thus, the so-called generalized compromise rules arising from all linear combinations of those

rules belong to the family of separable rules too. Formally,

Generalized compromise rules {GUC’A})\GR: for each A € R, each A € P, and each i € N,

—1 . i i) — A
GUer (4) = (1 - Al >ZJEN<a]2 a;:) = |14
n n—

We now introduce axioms. The first says that if two teams have the same audiences, when

facing a third, and each other, they receive the same amount.

Weak equal treatment of equals: For each A € P, and each pair 7,7 € N such that

a;j = Qj;, Qi = G i, and ay; = ay;, for each k € N\ {4, j},

The second says that revenues are additive on A. An interpretation is that the aggregation

of the revenue sharing in two seasons (involving the same teams) is equivalent to the revenue
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sharing in the hypothetical combined season aggregating the audiences of the corresponding

games in both seasons.
Additivity: For each pair A and A’ € P,
R(A+A")=R(A)+R(A").

The next says that an audience redistribution of the games involving a pair of teams does not

affect the revenues they obtain.

Pairwise reallocation proofness: For each pair A, A’ € P, and each pair ig, jo € N, such

o o o o ,
that a;; = a;;, for each pair {i,7} # {io, jo}, and a;y; + @joi, = Wioio T Tioio

Ri(A) = Ry(A') for each k = i, jo.

Somewhat related, if only games played by two teams have positive audience, the total

audience should be allocated to them.

Stand-alone pair: For each A € P and each pair 7,5 € N such that ay = 0 for each pair
{k,1} € N with (k,1) # (i,§) and (k.0) # (j,1),

Ri(A) + R;(A) = ||A]l.
A strengthening says that if a team has null audience, then it gets no revenue.
Null team: For each A € P, and each i € N, such that for each j € N, a;; = 0 = a;;,
R;(A) = 0.

We conclude introducing several monotonicity axioms.>

Aggregate monotonicity. For each pair A and A’ € P and each i € N,
Al < [[A]] = Ri(A) <R (4A).
Overall monotonicity. For each pair A and A’ € P and each i € N,

aje < ajy, for each pair j,k € N = R;(A) < R;(A).

2The reader is referred to Bergantifios and Moreno-Ternero (2022) for verbal descriptions of these axioms.

Similar axioms have also been recently explored in related models (e.g., Calleja et al., 2020; Juarez et al., 2020).
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Pairwise monotonicity. For each pair A and A’ € P and each i € N,
arj + aje < ay; + ajy, for each pair j,k € N = R;j(A) < Ri(A').
Team monotonicity. For each pair A and A’ € P and each i € N,

aij < aj; for each j € N\ {i} and

aji < a; for each j € N\ {i}

R; (A) < R; (A).

Weak team monotonicity. For each pair A and A’ € P and each i € N,

ai; < aj; for each j € N\ {i} and
aji < d/, for each j € N\ {i} = Ri(A) <R (A).
ajr = ay, when i ¢ {j, k}

Reciprocal monotonicity. For each pair A and A’ € P and each i € N,

aij = aj; for each j € N\ {i} and
aj; = aj; for each j € N\ {i} = Ri(A)>R;(A).

ajr < ajy, when i ¢ {j,k}
3 Characterization results

Our main result states that the separable rules are characterized by the first two axioms above.

Theorem 1 A rule satisfies weak equal treatment of equals and additivity if and only if it is a

separable rule.
The next result gathers the effect that monotonicity axioms have on separable rules.
Proposition 1 The following statements hold:

o A separable rule S™* satisfies weak team monotonicity if and only if x;; > 0 and y;; > 0,

for each pairi,j € N, i # j.

o A separable rule S™* satisfies overall monotonicity if and only if x;; > 0, y;; > 0, and

zi; > 0, for each pairi,j € N, ¢ # j.

o A separable rule S™* satisfies pairwise monotonicity if and only if xi; = y;; > 0, yi; =

xj; >0, and z;; = z;; > 0, for each pairi,j € N, i # j.
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o A separable rule S™* satisfies reciprocal monotonicity if and only if z;; < 0, for each pair

i,jEN,i#j.

Two monotonicity axioms have been excluded from the previous result because they offer

more interesting implications, gathered in the next two results.

Theorem 2 A rule satisfies weak equal treatment of equals, additivity and team monotonicity

of and only if it 1s a split rule.

Theorem 3 A rule satisfies weak equal treatment of equals and aggregate monotonicity if and

only if it is the uniform rule.

Somewhat surprisingly, adding stand-alone pair (or null team) to each of the first three

statements of Proposition 1, we obtain the same effect.?

Theorem 4 A rule satisfies weak equal treatment of equals, additivity, stand-alone pair or null
team, and weak team monotonicity, overall monotonicity or pairwise monotonicity, if and only

if it is a split rule.

If we replace stand alone pair (or null team) by pairwise reallocation proofness we obtain

completely different results.

Theorem 5 A rule R satisfies weak equal treatment of equals, additivity, pairwise reallocation

proofness, and

e weak team monotonicity if and only if R € {GUCO‘ A > —ﬁ}

e overall monotonicity or pairwise monotonicity, if and only if R € {GUC')‘ : —ﬁ <A<

e reciprocal monotonicity if and only if R € {GUC)‘ A > 28;_21) }

o team monotonicity if and only if it is the equal-split rule.*

3As for the fourth statement, reciprocal monotonicity is implied by the combination of those axioms.
4 Additivity is not needed for this result.




4 Appendix. Proof of the results

Proof of Theorem 1. It is straightforward to show that each separable rule satisfies additivity.

As for weak equal treatment of equals, let i and j be as in its definition. Then,

G (A) = Z TikQik + Z YkiOi + Z Zk1Ok]

keN\{i} keN\{i} kIEN\{i}
TijQij + Yjiaj; + Z (Tikai + 2jpa;r) + Z (Yriaki + 2rjar;) + Z 2k Ok -
keEN\{i,j} kEN\{i,j} kIEN\{i,5}

As a;; = aj;, a, = aj, and ay; = ay;, for each k € N\ {i,j}, the conditions on x,y, z yield

Tijaij + YjiGji = Yijaij + Tjidgi
Tik QL + ZikQik = ZikQik + TjkQjk, and
YkiOki + 2kjQk; =  ZkiOki + YgjQp;-

Then,

nyZ(A) = yl-jaz-j + SCjiCLji -+ Z (zikaik + a:jkajk) -+ Z (zkiaki + ykjakj) -+ Z ZL1Qkl

keN\{i,j} keN\{i,j} kleN\{i,j}
= Z TjkQjk + Z YkjQis + Z ZkiQgl = Gj?yz (A).
keN\{j} keN\{j} kleN\{j}

Conversely, let R be a rule satisfying both axioms. Let 7,5 € N, i # j, and 1¥ be the matrix
with zero entries, except for a;; = 1. By weak equal treatment of equals, there exists z;; € R

such that Ry (17) = z; for each k € N\ {i, j}. Let R; (1¥) = 2;; and R; (1) = y;;. Then,

L=]19)| =Y R (19) = @i + yij + (n — 2)z.
keN

Let 4,7,k € N, i # j # k. By additivity and weak equal treatment of equals,
yij + 2 = Ry (17 +1%) = Ry (17 + 1) = 25 + yar,
X ji + 2 = Rj (1‘” ]_kl) = Rk (1ﬂ + 1kz) = Zji + Ty, and
Tty = R (1” + 1]1) =R, <1ij + 1ji) = Yij T Tji-
For each 1 € N, let @y = y; = 23 = 0. Let x = (mij)z’,jeN Y = (yij)i,jeNaZ = (Zij)i,jeN‘ By

additivity, we can deduce from the above conditions that R(A) = S*™*(A), for cach A€ P. =

Proof of Proposition 1. We only focus on the non-trivial implications. Let O denote the
matrix where all audiences are 0. By weak equal treatment of equals, R; (0) = R; (0), for each

pair i,j € N. As ||0|| = 0, it follows that R; (0) = 0 for each i € N.
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Let S*¥* be a separable rule satisfying weak team monotonicity. Thus, for each pair i, 7 € N,
i #j, Ri (19) = xy, R; (19) = y;;, and Ry, (19) = 2 for each k € N\ {i,j}. By weak team
monotonicity, v;; = R; (17) > R;(0) = 0 and y;; = R; (17) > R;(0) = 0, for each pair

1,j € N, i # 7, which proves the first statement.

Let S™* be a separable rule satisfying overall monotonicity. Thus, for each pair 7,7 € N,
i # j, R (19) = ay, R;j (1¥) = y;; and Ry, (19) = z; for each k € N\ {i,j}. By overall
monotonicity, z;; = R; (1Y) > R;(0) = 0 and y;; = R; (1Y) > R;(0) = 0, for each pair
i,j € N, i # j. Moreover, z;; = Ry (17) > R, (0) = 0, for each k € N\ {¢,j}, which proves

the second statement.

As for pairwise monotonicity, let A, A" and ¢ be as in its definition. Then,

G (A) = Z Tijaij + Z Yjitji + Z Zik @k

JEN\{i} JEN\{i} JkeN\{i}
= Y (whagtyia) + Y (kg + za).
JEN(i) JkeN\{i}.j<k

By the condition at the statement,

Tijai + yjiag < xigag; + ya); for each j € N\ {i} and

Zikik + Zrj0k; < zjka;-k + zkja;j for each pair j, k € N\ {i}.

Then,
GI(A) < ) (wgaly +yndy) + Y (Zral + 2yal,) =GP (A).
JeN\{i} JkeN\{i},j<k

Now, let S** be a separable rule satisfying pairwise monotonicity. Thus, for each pair
i,j € N,i#j, R (19) = x;;, R; (1¥) = y,; and, for each k € N\ {i,j}, Ry (1) = z;. By
pairwise monotonicity, x;; = R; (17) > R; (0) = 0, y;; = R; (17) > R; (0) = 0, for each pair
i,j € N, i # j. Moreover, z;; = Ry (lij) > Ry (0) = 0, for each k € N\ {i,j}. Furthermore,
R (17) = R (17%). Thus, ;; = yji, Yij = Tji, and z;; = z;;, which proves the third statement.

As for reciprocal monotonicity, let A, A" and i be as in the definition of the axiom. Then,

a:yz
E XijQi; + g Yjilj; + g Zjk k-

JEN\{i} JEN\{i} JkeN\{i}



Let j,k € N\ {i}. By the condition at the statement, z;;, < 0. Then,

GV (A) > Z Tijag; + Z Yjitl; + Z zipay, = Gi7 (A').
JEN\{i} JEN\{i} JkeN\{i}

Now, let S™* be a separable rule satistying reciprocal monotonicity. Thus, for each pair
i,j € N,i#j, R (19) = x;;, R; (1¥) = y,; and, for each k € N\ {i,j}, Ry (1) = z;. By
reciprocal monotonicity, z;; = Ry, (1”) < Rk (0) = 0, for each pair i,7 € N, i # j, and each
k € N\ {i,7}, which proves the fourth statement. =

Proof of Theorem 2. It is straightforward to show that each split rule satisfies the axioms at
the statement. Conversely, let R be a rule satisfying the three axioms. By Theorem 1, we know
that R is a separable rule, i.e., R = S™ for a trio x, y and z defined as in the proof of Theorem
1. Thus, for each pair i,j € N, i # j, and each k € N\ {i,j}, R; (1¥) = z;;, R; (17) = y;; and
R, (1”) = zjj. Let A, A, and i € N be such that for each j € N\ {i}, a;; = a}; and a;; = ;.
By team monotonicity, R; (A) = R; (A"). By weak equal treatment of equals, R; (0) = 0 for each
i € N. Now, for each pair i,j € N, i # j and each k € N\ {i,j}, z;; = Ry (17) = R;, (0) = 0.
Using arguments similar to those in the proof of Bergantinos and Moreno-Ternero (2021b) we
can find A € R such that for each pairi,7 € N,7# j, ;;j =1 — A and y;; = \. Let A € P and
1 € N. By additivity,
Ri(A) = Z ajpR; (V) = Z a;; R (17)+ Z a;;R; (17") = (1= ) Z a;j+A Z Qj;.
JkEN JeN\{i} JeN\{i} JeN\{i} JeN\{i}
By team monotonicity, 1 —\ = z;; = R; (17) > R; (0) = 0 and X = y;; = R; (19) > R; (0) = 0.
Thus, A € [0,1] and hence R is a split rule. m

Proof of Theorem 4. We know from Theorem 1 that R is a separable rule, i.e., R = S*Y* for a
trio z, y, and z, defined as in the corresponding statement. Let i, € N, i # j. By stand alone
pair, 1 = R; (19)+R; (17) = z;;4y;;. As, by definition of separable rule, z;;+y;;+(n — 2) z;; =
1, it follows that z;; = 0. Then, as in the proof of Theorem 2, we obtain that there exists A € R,
such that, for each A € P and each i € N, Ri(A) = (1 = A) D2 jcn iy @ij + A D jen iy i- Note
that 1 — A = R; (1) and A = R; (17), whereas R; (17) = R; (1¥) = 0. Thus, by weak team
monotonicity, overall monotonicity, or pairwise monotonicity, we obtain that 0 < A < 1, from

where we conclude that R is a split rule. =

The remaining results are refinements or restatements of results in Bergantinos and Moreno-

Ternero (2021b, 2022) and the proofs can simply be replicated here with slight modifications.
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